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Here, we continue this line of transferring martingale results to *k*-martingale spline sequences and extend  Lépingle's $\documentclass[12pt]{minimal}
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Preliminaries {#Sec2}
=============

In this section, we collect all tools that are needed subsequently.

Properties of polynomials {#Sec3}
-------------------------

We will need Remez' inequality for polynomials:

### Theorem 2.1 {#FPar1}
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Properties of spline functions {#Sec4}
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### Theorem 2.3 {#FPar3}
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Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathscr {G}}\subset {\mathscr {F}}$$\end{document}$ be two interval $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma $$\end{document}$-algebras and denote by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(N_{{\mathscr {G}},i})_i$$\end{document}$ the B-spline basis of the coarser space $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathscr {S}}_k({\mathscr {G}})$$\end{document}$ and by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(N_{\mathscr {F},i})_i$$\end{document}$ the B-spline basis of the finer space $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathscr {S}_k({\mathscr {F}})$$\end{document}$. Then, given $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f=\sum _{j} a_j N_{{\mathscr {G}},j}$$\end{document}$, we can expand *f* in the basis $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(N_{{\mathscr {F}},i})_i$$\end{document}$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \sum _j a_j N_{{\mathscr {G}},j} = \sum _i b_i N_{{\mathscr {F}},i}, \end{aligned}$$\end{document}$$where for each *i*, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$b_i$$\end{document}$ is a convex combination of the coefficients $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a_j$$\end{document}$ with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\text {supp}}N_{{\mathscr {G}},j} \supseteq {\text {supp}}N_{{\mathscr {F}},i}$$\end{document}$.

For those results and more information on spline functions, in particular B-splines, we refer to \[[@CR21]\] or \[[@CR5]\].

Spline orthoprojectors {#Sec5}
----------------------
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Spline square functions {#Sec6}
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Main results {#Sec8}
============
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The positive operators *T* {#Sec9}
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In other words, ([3.3](#Equ13){ref-type=""}) tells us that the positive operator *T* dominates the non-positive operator *P* pointwise, but at the same time, *T* is dominated by the Hardy--Littlewood maximal function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathscr {M}}$$\end{document}$ pointwise and independently of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathscr {F}}$$\end{document}$.

Stein's inequality for splines {#Sec10}
------------------------------

We now use this pointwise dominating, positive operator *T* to prove Stein's inequality for spline projections. For this, let $\documentclass[12pt]{minimal}
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### Theorem 3.1 {#FPar5}
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As a corollary of Proposition [3.2](#FPar7){ref-type="sec"}, we have
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### Proof {#FPar10}
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A duality estimate using a spline square function {#Sec12}
-------------------------------------------------
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For the proof of this result, we need the following simple lemma.
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### Proof of Proposition 3.4 {#FPar14}
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Applications {#Sec13}
============

We give two applications of Theorem [3.6](#FPar15){ref-type="sec"}, (i) D. Lépingle's inequality and (ii) an analogue of C. Fefferman's $\documentclass[12pt]{minimal}
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Lépingle's inequality for splines {#Sec14}
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### Theorem 4.1 {#FPar17}
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